The scaled boundary finite-element method (SBFEM) is a novel semi-analytical method 7 developed in the elasto-statics and elasto-dynamics areas that has the advantages of com-8 bining the finite-element method with the boundary-element method. The SBFEM method 9 weakens the governing differential equation in the circumferential direction and solves the 10 weakened equation analytically in the radial direction. It has the inherent advantage of 11 solving the unbounded fluid dynamic problem. In this paper, the boundary-value problem 12 composed of short-crested waves diffracted by a vertical circular cylinder is solved by 13 SBFEM. Only the cylinder boundary is discretized with curved surface finite-elements on 14 the circumference of the cylinder, while the radial differential equation is solved completely 15 analytically. The computation of the diffraction force based on the present SBFEM solu-16 tion demonstrates a high accuracy achieved with a small number of surface finite-elements.
Introduction
Studies on ocean surface waves are generally focused on two-dimensional (2D) (k is wave number and a is cylinder radius) between 0 and 3. Since then, many numerical and experimental results have been reported on the plane wave diffrac-46 tion [1, 7, 9, [12] [13] [14] . However, studies on the short-crested wave diffraction are very limited in the literature. above the free surface of the ocean along z axis. The origin is placed at the centre 94 of the cylinder on the mean water surface (Fig. 1 ). The total velocity potential,
subject to the linearized combined free surface boundary condition Φ ,tt + gΦ ,z = 0 at z = 0,
and the bottom condition
where Ω is the fluid domain, and comma in the subscript designates partial deriva-106 tive with respect to the variable following the comma.
107
To simplify the problem, the velocity potentials can be decomposed as 108 Φ(x, y, z, t) = φ(x, y)Z(z)e −iωt , (4)
where 109 Z(z) = cosh k(z + h) cosh kh .
This procedure leads to the sea bottom condition being automatically satisfied, and 110 the linear free surface boundary condition is satisfied using the following dispersion 111 relationship 112 ω 2 = gk tanh kh.
(8)
Thus, the problem reduces to two-dimensional at the free surface. The function 113 φ S (x, y) is governed by the Helmholtz equation with the boundary condition at the 114 interface of fluid and structure, and the radiation condition at infinity, the so-called 115 Sommerfeld condition:
lim
where r is the radial axis, i = √ −1, and n denotes the normal to the boundary. 117 The velocity potential of the linear short-crested incident wave travelling in the 118 positive x direction is given by the real part of [5]:
and the relationship of the total velocity potential, with the scattered, and the inci-120 dent wave velocity potentials is
the diffraction of short-crested waves by a vertical cylinder. After obtaining φ S and 123 Φ by solving the above boundary-value problem, the velocity, free surface elevation 124 and the dynamic pressure can be calculated respectively from
where ρ is the mass density of water. interface Γ c and infinity boundary Γ ∞ . If the velocity boundary is defined by Γ v , 
SBFEM defines the domain Ω by the scaling of a single piecewise-smooth curve 134 S relative to a scaling centre (x 0 , y 0 ), which is chosen at the cylinder centre in this 
By employing SBFEM, an approximate solution of φ S is sought as
where N(s) is the shape function, the vector a(ξ) is analogous to the nodal values 145 same as in FEM. The radial function a j (ξ) represents the variation of the scattered 146 wave potential in the radial axis ξ at each node j, and the shape function interpolates 147 between the nodal potential values in the circumferential axis s. 
where b 1 (s) and b 2 (s) are dependent only on the boundary definition
and |J| is the Jacobian at the boundary
From (14) and (21), the approximate velocity can be expressed as 
where the incremental volume is [4, 16] 158 dΩ = |J|ξdξds.
Introducing the coefficient matrices
together for the entire boundary. Expanding (27) and integrating the terms contain-161 ing w(ξ) ,ξ by parts with respect to ξ using Green's theorem leads to
To satisfy all sets of weighting function w(ξ), the following conditions must be 163 satisfied:
The equation (37) is the so-called scaled boundary finite-element equation. By in-165 troducing the shape function, the Helmholtz equation has been weakened in the 166 circumferential direction, so that the governing partial differential equation is trans-167 formed to an ordinary matrix differential equation in radial direction. The rank of 
where I is the identity matrix of rank m.
183
Using (39), pre-multiplying both sides of (37) by E −1 0 and simplifying, we have
where ζ = kaξ.
(41)
The equation (40) is the matrix form of Bessel's differential equation. Considering 186 the Sommerfeld radiation condition (11), it is logical to select H r j (ζ)T j as a base 187 solution of (40).
188
The solution form of a(ζ) is then expressed as
where T j are vectors of rank m, c j are coefficients, H r j (ζ) are the Hankel functions 190 of the first kind.
191
Substituting (42) into (40), and using the following properties of Hankel function
where the prime denotes the derivative with respect to ζ, and the double prime 193 represents the second derivative with respect to ζ, we have
For any c j H r j (ζ), (45) yields
Let λ j be the eigenvalues of E −1 0 E 2 , then r j = λ j , and T j are the eigenvectors of
Since the Sommerfeld radiation condition (11) or (35) has been satisfied by the 198 Hankel function, we now only consider the body boundary condition (36) of the 199 circular cylinder
wherev S n is the vector of nodal normal velocity of scattered wave on the body 201 boundary.
202
For a circular cylinder,
Define
where "diag" denotes a diagonal matrix with the elements in the square brackets on 205 the main diagonal; then C can be solved from (47) as
The solution of a(ζ) is obtained as
where
Using (4), (5), (10), (12) and (17),v S n can be easily determined on the body bound-209 ary. From (20) and (54), the approximation of scattered velocity potential can be 210 obtained in the whole domain. The total velocity potential can then be calculated 211 by (6) and (13). All the other physical properties such as elevation, pressures can 212 be calculated accordingly.
213
In this paper, the boundary Γ c is discretized into N three-noded quadratic elements 214 in circumferential direction. Due to the symmetry of the physical problem, only 215 half of the circumference is discretized.
216
The total force, per unit length in the direction of wave propagation is
where the function R(k x , k y , k, a) is a dimensionless parameter of dFx dz without the
219
The function R(k x , k y , k, a) determines the first-order total horizontal force in x 220 direction on the cylinder, F x , which can be obtained by integrating Eq. (55) with 221 respect to z,
Following traditional concept, the component of force per unit of wave height in 223 phase with the particle acceleration of the incident waves is called an effective 224 inertia coefficient C M and that in phase with the particle velocity is termed an 225 effective linear drag coefficient C D . Then the force is written as follows:
226
Re
where U is the velocity of the incident waves at the origin of the cylinder in its 227 absence.
228
Using (12), (55) and (57), we have
where R r and R i are the real and imaginary parts of R(k x , k y , k, a). Fig. 12 that the elevation on the cylinder surface 252 is quite different when the incident waves become short-crested. As the incident 253 wave becomes more short-crested, the elevation near the front face of the cylinder 254 (θ/π ≈ 1) decreases monotonically, however, no similar attribute is observed on 255 the lee side of the cylinder (θ/π ≈ 0).
256 Table 1 shows the comparisons of the effective inertia, and the effective linear drag as can be seen in Table 1 Comparison of effective inertia, effective drag coefficients and total forces.
Zhu,1993 4 elements 6 elements Zhu,1993 4 elements 6 elements Zhu,1993 4 elements 6 elements It is worth noting that, the computation times (recorded on a 2GHz Pentium IV PC 
